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Abstrat
After a review of the frequeny - dependent angular pattern of interfer-
ometers in the TT gauge for salar gravitational waves (SGWs), whih has
been reently analysed by Capozziello and Corda, in this letter the result
is used to study the ross orrelation between the Virgo interferometer
and the MiniGRAIL resonant sphere. It is shown that the overlap redu-
tion funtion for the ross orrelation bewteen Virgo and the monopole
mode of MiniGRAIL is very small, but a maximum is also found in the
orrelation at about 2710Hz, in the range of the MiniGRAIL sensitivity.
PACS numbers: 04.80.Nn, 04.30.Nk, 04.50.+h
The design and onstrution of a number of sensitive detetors for gravita-
tional waves (GWs) is underway today. There are some laser interferometers
and many bar detetors urrently in operation and several interferometers and
bars are in a phase of planning and proposal stages (for the urrent status of
gravitational waves experiments see [1, 2, 3, 4, 5℄).
The results of these detetors will have a fundamental impat on astrophysis
and gravitation physis. There will be lots of experimental data to be analyzed,
and theorists will be fored to interat with lots of experiments and data analysts
to extrat the physis from the data stream.
Detetors for GWs will also be important to verify that GWs only hange
distanes perpendiular to their diretion of propagation and to onrm or ruling
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out the physial onsisteny of General Relativity or of any other theory of
gravitation [6, 7, 8, 9, 10℄.
These detetors are in priniple sensitive also to a hypotetial salar om-
ponent of gravitational radiation, that appears in extended theories of gravity
like salar-tensor gravity [11, 12, 13, 14℄ and high order theories [7, 8, 9, 10℄.
While the response of interferometers to tensorial waves has been alulated
in lots of works (see for example [15, 16, 17℄), the oupling between interferome-
ters and salar waves is a more reent eld of interest and it has not an analogous
number of works in the literature. Only reently, Capozziello and Corda have
shown that the response of an interferometer to massless SGWs is invariant in
three dierent gauges known in literature in its full frequeny dependene [6℄
while previous works started from the assumption that the wavelength of the
SGW is muh larger than the distane between the test masses (see [12, 13, 14℄
for examples).
In this letter, after a review of the frequeny - dependent angular pattern of
interferometers in the TT gauge, whih is due to provide a ontext to bring out
the relevane of the argument, the result will be used to study a ross orrelation
between the Virgo interferometer and the MiniGRAIL resonant sphere [18, 19℄
generalizing the analysis of [13℄ for a real detetor.
Following [6℄, in the TT gauge, for a purely massless SGW propagating in
the positive z diretion, with the interferometer loated at the origin of the o-
ordinate sistems with arms in the
−→x and −→y diretions, the metri perturbation
is given by (see [6, 12, 13℄, and note that we work with c = 1 and ~ = 1 in this
letter):
hµν(t− z) = Φ(t− z)e
(s)
µν , (1)
where Φ≪ 1, e
(s)
µν ≡ diag(0, 1, 1, 0), and the line element is
ds2 = −dt2 + dz2 + [1 + Φ(t− z)][dx2 + dy2]. (2)
To ompute the response funtion for an arbitrary propagating diretion of
the SGW one realls that the arms of the interferometer are in the
−→u and −→v
diretions, while the x, y, z frame of (2) is adapted to the propagating SGW.
Thus a spatial rotation of the oordinate system is needed:
u = −x cos θ cosφ+ y sinφ+ z sin θ cosφ
v = −x cos θ sinφ− y cosφ+ z sin θ sinφ
w = x sin θ + z cos θ,
(3)
or, in terms of the x, y, z frame:
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Figure 1: a SGW propagating from an arbitrary diretion
x = −u cos θ cosφ− v cos θ sinφ+ w sin θ
y = u sinφ− v cosφ
z = u sin θ cosφ+ v sin θ sinφ+ w cos θ.
(4)
In this way the SGW is propagating from an arbitrary diretion to the
interferometer (see gure 1).
The beam splitter is also put in the origin of the new oordinate system (i.e.
ub = 0, vb = 0).
The transformation for the metri tensor is [20℄:
gik =
∂xi
∂x′l
∂xk
∂x′m
g′lm. (5)
By using eq. (3), eq. (4) and eq. (5), the line element (2) in the
−→u diretion
beomes:
ds2 = −dt2 + [1 + (1− sin2 θ cos2 φ)Φ(t− u sin θ cosφ)]du2. (6)
A good way to analyze variations in the proper distane (time) is by means
of bouning photons (see [6, 17℄ and gure 2).
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Figure 2: photons an be launhed from the beam-splitter to be bouned bak
by the mirror
Let us ompute the variaton of the proper distane that a photon overs
to make a round-trip from the beam-splitter to the mirror of an interferometer
with the line-element hoie (6).
A speial property of the TT gauge is that an inertial test mass initially at
rest in these oordinates, remains at rest throughout the entire passage of the
SGW [6, 12, 13℄. Here we have to larify the use of words  at rest: we want to
mean that the oordinates of the test masses do not hange in the presene of
the SGW. The proper distane between the beam-splitter and the mirror of the
interferometer hanges even though their oordinates remain the same [6, 13℄.
Putting the ondition for null geodesis ds2 = 0 in eq. (6) the oordinate
veloity of the photon, whih is a onvenient quantity for alulations of the
photon propagation time between the beam-splitter and the mirror [6, 17℄, is:
v2 ≡ (
du
dt
)2 =
1
[1 + (1− sin2 θ cos2 φ)Φ(t− u sin θ cosφ)]
. (7)
Beause the oordinates of the beam-splitter ub = 0 and of the mirror um =
L do not hange under the inuene of the SGW, the duration of the forward
trip an be found as
T1(t) =
∫ L
0
du
v(t′ − u sin θ cosφ)
, (8)
with
t′ = t− (L− u).
In the last equation t′ is the retardation time (i.e. t is the time at whih the
photon arrives in the position L, so L− u = t− t′).
To rst order in Φ this integral is approximated by
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T1(t) = T +
1− sin2 θ cos2 φ
2
∫ L
0
Φ(t′ − u sin θ cosφ)du, (9)
where
T = L
is the transit time of the photon in the absene of the SGW. Similiary, the
duration of the return trip will be
T2(t) = T +
1− sin2 θ cos2 φ
2
∫
L
Φ(t′ − u sin θ cosφ)(−du), (10)
though now the retardation time is
t′ = t− u.
The round-trip time will be the sum of T2(t) and T1[t−T2(t)]. The latter an
be approximated by T1(t−T ) beause the dierene between the exat and the
approximate values is seond order in Φ. Then, to rst order in Φ, the duration
of the round-trip will be
Tr.t.(t) = T1(t− T ) + T2(t). (11)
By using eqs. (9) and (10) we see immediatly that deviations of this round-
trip time (i.e. proper distane) from its imperurbated value are given by
δT (t) = 1−sin
2 θ cos2 φ
2
∫ L
0 [Φ(t− 2T + u(1− sin θ cosφ))+
+Φ(t− u(1 + sin θ cosφ))]du.
(12)
Now, using the Fourier transform of the salar eld, dened by
Φ˜(ω) =
∫
∞
−∞
dtΦ(t) exp(iωt), (13)
the analysis an be transled in the frequeny domain obtaining
δT˜ (ω)
T
= Υu(ω)Φ˜(ω) (14)
where the total response funtion in the
−→u diretion is given by:
Υu(ω) =
1
2iωL [−1 + exp(2iωL)+
+ sin θ cosφ((1 + exp(2iωL)− 2 exp iωL(1 + sin θ cosφ))].
(15)
In the same way the line element (2) in the
−→v diretion beomes:
ds2 = −dt2 + [1 + (1− sin2 θ sin2 φ)Φ(t − v sin θ sinφ)]dv2, (16)
5
thus, with the same analysis of the
−→u diretion, the total response funtion
in the
−→v diretion is obtained:
Υv(ω) =
1
2iωL [−1 + exp(2iωL)+
+ sin θ sinφ((1 + exp(2iωL)− 2 exp iωL(1 + sin θ sinφ))].
(17)
Then, the total response funtion of an interferometer, dened by H˜(ω) ≡
Υu(ω)−Υv(ω), is:
H˜(ω) = sin θ2iωL{cosφ[1 + exp(2iωL)− 2 exp iωL(1 + sin θ cosφ)]+
− sinφ[1 + exp(2iωL)− 2 exp iωL(1 + sin θ sinφ)]}.
(18)
Eq. (18) is also in perfet agreement with the detetor pattern of [13℄ and [14℄
in the low frequenies limit (ω → 0):
H˜(ω → 0) = − sin2 θ cos 2φ. (19)
In gs. 3 and 4 the absolute value of the total response funtion of the
Virgo interferometer (L = 3 Km) ) for SGWs with θ = pi4 and φ =
pi
3 , and the
angular dependene of the response of the Virgo interferometer for a SGW with
a frequeny of f = 100Hz are shown respetively.
Now, the analysis of [13℄ , where a ross orrelation between the Virgo in-
terferometer and a hypothetial resonant sphere in Frasati, near Rome, was
studied, will be generalized for a real detetor, the MiniGRAIL sphere [18, 19℄.
In [13℄ the overlap redution funtion for SGWs has been omputed gen-
eralizing the well known Flanagan's overlap redution funtion for ordinary
(tensorial) GWs dened in [21℄. The overlap redution funtion for SGWs has
also been omputed in [22℄.
In the ross orrelation between a sphere and an interferometer, the monopole
mode of a resonant sphere is espeially interesting, beause it annot be exited
by tensorial waves [13, 22℄.
The authors of [13℄ found the relation (see eq. (56) of [13℄ )
Γ(f) = (sin2 θ cos 2φ)j2(2pifd), (20)
where j2 is the seond spherial Bessel funtion and θ and φ are the angular
oordinates of the MINIGRAIL sphere with respet the Virgo interferometer.
(see gure 5).
In eq. (20) the low frequenies approximation (19) has been used. Repla-
ing the low frequenies approximation with our frequeny dependent angular
pattern (18) the more general overlap redution funtion is obtained:
Γ(f) = − sin θ4ipifL {cosφ[1 + exp(4ipifL)− 2 exp i2pifL(sin θ cosφ− 1)]+
− sinφ[1 + exp(4ipifL)− 2 exp i2pifL(sin θ sinφ− 1)]}j2(2pifd).
(21)
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Figure 3: the absolute value of the total response funtion of the Virgo interfer-
ometer to SGWs for θ = pi4 and φ =
pi
3 .
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Figure 4: the angular dependene of the response of the Virgo interferometer
for a SGW with a frequeny of f = 100Hz
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Figure 5: The Virgo-MiniGRAIL ross orrelation
9
2000 4000 6000 8000 10000
f
0.94
0.96
0.98
ÈHHfLÈ
Hz
Figure 6: the absolute value of the total response funtion of the Virgo interfer-
ometer to SGWs for the Virgo- MiniGRAIL diretion.
MiniGRAIL works in the frequeny range between 2670− 3130Hz [18, 19℄ with
a resonane frequeny of about 2900Hz, and, beause the angular pattern in
the Virgo- MiniGRAIL diretion is almost onstant in this range (gure 6), the
funtion j2(2pifd) is a good approximation for the frequeny dependene of the
overlap redution funtion.
In gure 7 the frequeny dependene of the overlap redution funtion for
the approximate distane between the loation of the Virgo interferometer and
the loation of the MiniGRAIL resonant sphere in the MiniGRAIL frequeny
range is shown. The loation of MiniGRAIL is Lat. N 52.16, Lon E 4.48, while
the loation of Virgo is Lat. N 43.63, Lon E 10.50 and the Virgo-MiniGRAIL
distane is about 1090 kms. Figure 7 shows that the overlap redution funtion
for the Virgo-MiniGRAI ross orrelation is very small, but there is a maximum
at about 2710Hz. Approximately this maximum is reahed when
(
f
2710Hz
)(
d
1090km
) ≃ 1. (22)
Reasuming, in this letter the frequeny - dependent angular pattern of in-
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Figure 7: the frequeny dependene of the Virgo-MiniGRAIL overlap redution
funtion in the MiniGRAIL frequeny range
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terferometers in the TT gauge has been reanalyzed following [6℄. After this, the
result has been used to study a ross orrelation between the Virgo interferom-
eter and the MiniGRAIL resonant sphere generalizing the analysis of [13℄ for
a real detetor. It has been shown that the overlap redution funtion for the
ross orrelation bewteen Virgo and the monopole mode of MiniGRAIL is very
small, but a maximum in the orrelation has also be found at about 2710Hz,
in the range of the MiniGRAIL sensitivity.
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